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[1]
[23] “ Monge-Amp\‘ere






$F(x, y, z,p, q,r, s,t)=A_{\Gamma}+Bs+Ct+D(rt-S^{2})-E=0$ (2.1)
$p=\partial z/\partial x,$ $q=\partial z/\partial y,$ $r=\partial^{2}z/\partial x^{2},$ $s=\partial^{2}z/\partial x\partial y$ , $t=\partial^{2}z/\partial y^{2}$
$A,$ $B,$ $C,$ $D$ $E$ (X, $y,$ $z,p,$ $q$) (2.1)
(2.1) 8 $\mathrm{R}^{8}=\{(x, y, z,p, q, r, s, t)\}$
$p_{\text{ }}$ $q$ $z=z(x, y)$ 1 $dz=pdx+qdy$
$r,$ $s$
$t$ $z=z(x, y)$ 2 $dp=rdx+sdy$
$dq^{=Sd}x+tdy$ $\{dz=pdX+qdy, dp=rdX+Sdy, dq=sdX+tdy\}$ 2
(2.1) $\{(x, y, z,P, q, r, s, t)\in \mathrm{R}^{8};f(x, y, z,p, q, r, S,t)=0\}$
2 $\{dz=_{P^{dX}}+qdy, dp=rdx+sdy, dq=sdX+idy\}$ “maximal
integral submanifold” (2.1)
$\Gamma$ : $(x, y, z,p, q)=(x(\alpha), y(\alpha),$ $z(\alpha),p(\alpha),$ $q(\alpha))$ , $\alpha\in \mathrm{R}^{1}$
$\mathrm{R}^{5}$
$\frac{d_{\mathcal{Z}}}{d\alpha}(\alpha)=p(\alpha)\frac{dx}{d\alpha}(\alpha)+q(\alpha)\frac{dy}{d\alpha}(\alpha)$ . (2.2)
$\Gamma$ “ ” $\Gamma$ $\mathrm{R}^{5}$
(2.1) $\circ$ “ ” 2
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:2.1 $\mathrm{R}^{5}=\{(x, y, Z,p, q)\}$ $\Gamma$ (2.1)
(2.2) (2.3) :
$\det$ $=F_{t}\dot{x}^{2}-Fs\dot{x}\dot{y}+F_{f}\dot{y}2=0$ (2.3)
$F_{t}=\partial F/\partial t,$ $F_{S}=\partial F/\partial S,$ $F\mathrm{r}=\partial F/\partial r,\dot{x}=dX/d\alpha$ $\dot{y}=dy/d\alpha$
(2.3) $\dot{x}/\dot{y}$ 2 $\Delta$
$\Delta=F_{s}^{2}-4FF_{t}r=B2-4(Ac+DE)$ .













$\omega_{0}=dz-pdX-qdy,$ $\omega 1=Ddp+Cd_{X}+\lambda_{1}dy_{\text{ }}$ $\omega_{2}=Ddq+\lambda_{2}dx+Ady$
$\omega_{1}$ $\omega_{2}$ 2 $\omega_{0}=0,$ $dp=rdx+sdy$
$dq=sdx+rdy$ :




D. Darboux [3] E. Goursat $[5,6]$ “ ”
“1 ”
“ – ” .
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2.2 $V=V(x, y, z,p, q)$ $\{\omega 0,\omega 1,\omega 2\}$ ‘ – ” $dV\equiv 0$
$\mathrm{m}\mathrm{o}\mathrm{d}\{\omega_{01,2},\omega\omega\}$
23 $\lambda_{1}\neq\lambda_{2_{J}}$ $(2.4)_{f}$ (2.5), 2 – $\{u, v\}$
$du\wedge dv=k\omega_{1}\wedge\omega_{2}=kD\{Ar+Bs+Ct+D(rt-S^{2})-E\}dx\wedge dy$ , (2.7)
$k=k(X, y, z,p, q)\neq 0$
(2.1) (2.7) (2.4), (2.5), 2
– $\{u, v\}$ (2.7) $(2.4)_{\text{ }}$ $(2.5)_{\text{ }}$ 2 –
(2.4), (2.5), 2 –
(2.1) “ integrable in the sense of Monge” G. $\mathrm{D}\mathrm{a}\mathrm{r}\mathrm{b}_{0}\mathrm{u}\mathrm{X}[3]$
p. 263 “ integrable in the sense of Darboux”
E. Goursat
([5], [6]) (2.4), (2.5), 2 –
(2.1) “ integrable in the sense of Darboux and Goursat”
(2.1) $C_{0}$ $\mathrm{R}^{5}=\{(x, y, z,p, q)\}$
$C_{0}$ (2.1) $C_{0}$
(2.1) $z=z(x, y)$ $\mathrm{R}^{5}$ 2 $\{(x,$ $y,$ $z(x, y)$ ,
$\partial z/\partial x(X, y),$ $\partial z\partial y(X, y))\}$ $C_{0}$ (2.1) $z=z(x, y)$
(2.4) 2 – $\{u, v\}$
$C_{0}$ $C_{0}$ $0$
$0arrow$
$g(u, v)$ (2.1) “ (intermediate integral)”
$g(u, v)=f(x, y, z,p, q)$ $C_{0}$ $f(x, y, z, \partial z/\partial x, \partial z/\partial y)=0$
(2.1)
24([3], [5, 6]) $c_{\mathit{0}}$ $C_{0}$ (2.1) $C_{0}$
$f(x, y, z, \partial_{Z}/\partial x, \partial z\partial y)=0$
$(2.4)$ (2.5) 2 –
(2.1) (2.6) –
$D\neq 0$ $\triangle\neq 0$
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(2.6) $\mathrm{R}^{5}=\{(x, y, z,p, q)\}$
25 (2.1) $($regular geometric $solution)^{J}$’ $\mathrm{R}^{5}=\{(x,$ $y,$ $z,P$ ,
$q)\}$ 2 $dz=pdX+qdy$ \mbox{\boldmath $\omega$}1\wedge \mbox{\boldmath $\omega$}2 $=0$
“ (regular)” “ (singular)”
$\omega_{0}=dz-pdx-qdy$
$\lceil_{\omega_{0}}=0$ $\omega_{1}\wedge\omega_{2}=0$
“Pfaff ” $\text{ }\mathrm{P}\mathrm{f}\mathrm{a}\mathrm{f}\mathrm{f}$






$\varpi_{1}=Ddp+cdx+\lambda 2dy$ , $\varpi_{2}=Ddq+\lambda 1dx+Ady$ .
:
$\omega_{1^{\wedge=}}\omega_{21}\varpi\wedge\varpi_{2}=DF(x, y, Z,p, q, r, S,t)dX\wedge dy$ . (2.8)
2 $\alpha$ $\beta$ :
$x=x(\alpha,\beta),$ $y=y(\alpha.\beta \text{ }),$ $\mathcal{Z}=z(\alpha, \beta),p=p(\alpha, \beta),$ $q=q(\alpha, \beta)$ . (2.9)
$\omega_{i}$ $\varpi_{i}(i=1,2)$
$\omega_{i}=c_{\dot{\tau\cdot}1}d\alpha+c_{i2}d\beta$ , $\varpi_{i}=d_{i1}d\alpha+d_{i2}d\beta$ $(i=1,2)$







$D \frac{\partial p}{\partial\alpha}+C\frac{\partial x}{\partial\alpha}+\lambda_{1}\frac{\partial y}{\partial\alpha}=0$
$D \frac{\partial q}{\partial\alpha}+\lambda_{2^{\frac{\partial x}{\partial\alpha}}}+A\frac{\partial y}{\partial\alpha}=0$ (2.11)
$D \frac{\partial p}{\partial\beta}+C\frac{\partial_{X}}{\partial\beta}+\lambda_{2^{\frac{\partial y}{\partial\beta}=0}}$
$\sim D\frac{\partial q}{\partial\beta}+\lambda_{1}\frac{\partial_{X}}{\partial\beta}+A^{\frac{\partial y}{\partial\beta}=}0$
“ (System of characteristic differential equations) ”
$(x(\alpha,\beta),y(\alpha, \beta),$ $z(\alpha,\beta),P(\alpha,\beta),$ $q(\alpha, \beta))$ (2.11) $\partial z/\partial\beta-p\partial x/\partial\beta-$
$q\partial y/\partial\beta=0$ (2.11)
(2.11) “ ” (2.11) H. Lewy $[15]_{\text{ }}$
J. Hadamard [8] (2.11)
3
(2.1) (2.11)
$(x(\alpha, \beta),$ $y(\alpha,\beta),$ $z(\alpha, \beta),p(\alpha,\beta),$ $q(\alpha, \beta))$
$D(x, y)/D(\alpha, \beta)\neq 0$ $x=x(\alpha, \beta),$ $y=$
$y(\alpha, \beta)$ $(\alpha, \beta)$ – $z(x, y)=z(\alpha(x, y)$ ,
$\beta(x, y))$ (2.1)
26([3], [5, 6]) $C^{\infty}$ - (2.1) $c_{\mathit{0}}$
$C_{0}$ (2.1) $C_{0}$ –
3
:
$F(q,r,t)= \frac{\partial^{2}z}{\partial x^{2}}-\frac{\partial}{\partial y}f(\frac{\partial z}{\partial y})=r-f’(q)t=0$ in $\{x>0,y\in \mathrm{R}^{1}\}\equiv \mathrm{R}_{+}^{2}$ , (3.1)
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$z(0, y)=z\mathrm{o}(y)$ , $\frac{\partial z}{\partial x}(0, y)=Z1(y)/$ on $\{_{X=0,y\mathrm{R}^{1}}\in\}$ (3.2)
$f(q)\in C^{\infty}(\mathrm{R}^{1})\text{ }$ $f’(q)>0$ $z=Z(x,y)$ $\mathrm{R}^{2}$
$z_{i}(y)(i=0,1)$ (3.1)
“Monge-Amp\‘ere’’ (2.1) $A=1,$ $B=D=E=0,$ $C=-f^{J}(q)$
(3.1) (3.1) – Darboux-Goursat





F. Zabusky [30] P. D. Lax $[13]\circ$ [13] 2 $\mathrm{x}2$
“life-span”
\S 2 (3.1) cotangent space $\mathrm{R}^{5}=\{(x, y, z,P, q)\}$
(3.1) (2.6) $\omega_{1}=dp\pm\lambda(q)dq\text{ }$ $\omega_{2}=$
$\pm\lambda(q)dx+dy$ $\lambda(q)=\sqrt{f^{J}(q)}$
$\omega_{1}$ $\omega_{2}$




$\frac{\partial p}{\partial\alpha}+\lambda(q)\frac{\partial q}{\partial\alpha}=0$ ,
$\lambda(q)\frac{\partial x}{\partial\alpha}+\frac{\partial y}{\partial\alpha}=0$
$\frac{\partial p}{\partial\beta}-\lambda(q)\frac{\partial q}{\partial\beta}=0$,
$- \lambda(q)\frac{\partial x}{\partial\beta}+\frac{\partial y}{\partial\beta}=0$
(3.4)
(3.2) (3.4) :
$x(\alpha, \alpha)=0,$ $y(\alpha, \alpha)=\alpha,$ $p(\alpha, \alpha)=z1(\alpha),$ $q(\alpha, \alpha)=Z_{0}’(\alpha)$ . (3.5)
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$(3.4)-(3.5)$ :
$p+\Lambda(q)=\psi 1(\beta)$ , $p-\Lambda(q)=\psi 2(\alpha)$ (36)









$- \lambda(q)\frac{\partial x}{\partial\beta}+\frac{\partial y}{\partial\beta}=0$
(3.7) $x$ $y$ $x=x(\alpha,\beta)$ $y=y(\alpha, \beta)$
$(\alpha, \beta)$ $(\alpha, \beta)$
$\mathrm{R}^{2}$ $z=z(\alpha,\beta)$




32 $\psi_{2}’(\alpha 0)=0$ $\alpha_{0}$ $(\partial x/\partial\alpha)(\alpha_{0}, \beta)\neq 0$ $\beta$
33 $\psi’1(\beta 0)=0$ $\beta 0$ $(\partial x/\partial\beta)(\alpha, \beta 0)\neq 0$ $\alpha$
(3.6) :
$2 \frac{\partial p}{\partial\alpha}=\psi_{2}’(\alpha),$ $2 \frac{\partial p}{\partial\beta}=\psi’1(\beta),$
$2 \lambda(q)\frac{\partial q}{\partial\alpha}=-\psi^{J}2(\alpha),$ $2 \lambda(q)\frac{\partial q}{\partial\beta}=\psi\prime 1(\beta)$ .
$3.2_{\text{ }}$ 33 (3.8)
:
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$\frac{\partial p}{\partial\alpha}=r\frac{\partial x}{\partial\alpha}+s\frac{\partial y}{\partial\alpha}$ , $\frac{\partial p}{\partial\beta}=r\frac{\partial x}{\partial\beta}+s\frac{\partial y}{\partial\beta}$
, (3.9)
$\frac{\partial q}{\partial\alpha}=s\frac{\partial x}{\partial\alpha}+t\frac{\partial y}{\partial\alpha}$ , $\frac{\partial q}{\partial\beta}=s\frac{\partial x}{\partial\beta}+t\frac{\partial y}{\partial\beta}$
$r,$ $s$ t $z=z(x, y)$ 2 $D(x, y)/D(\alpha, \beta)=2\lambda(q)(\partial_{X}/\partial\alpha)$
$(\partial x/\partial\beta)\neq 0$ (3.9) $(r, s, t)$ :
$r= \frac{1}{4}\{\frac{\psi_{1}’(\beta)}{\frac{\partial x}{\partial\beta}(\alpha,\beta)}+\frac{\psi_{2}’(\alpha)}{\frac{\partial x}{\partial\alpha}(\alpha,\beta)}\}$, $s= \frac{1}{4\lambda(q)}\{\frac{\psi_{1}^{J}(\beta)}{\frac{\partial x}{\partial\beta}(\alpha,\beta)}-\frac{\psi_{2}’(\alpha)}{\frac{\partial x}{\partial\alpha}(\alpha,\beta)}\}$ , $t= \frac{1}{\lambda(q)^{2}}r$ . (3.10)
$D(x, y)/D(\alpha, \beta)$ $(\alpha^{0},\beta^{0})$ $0$ Lemma $3.3_{\text{ }}$ Lemma 34
(3.10) $(r, s, i)$




3.4 (3.1) $-(3.2)$ $D(x, y)/D(\alpha, \beta)=0$
–
,
35 $z=z(X, y)$ (3.1) $-(3.2)$ (i) (ii)
:
(i) $z=z(x, y)$ $(\partial z/\partial x)(X, y)$
$(\partial z/\partial y)(x, y)$
(ii) $z=z(x, y)$ (3.1) (3.11)
$\varphi(x, y)\in C_{0}^{\infty}(\mathrm{R}2)$ :
$\int_{\mathrm{R}_{+}^{2}}$
$\{ \frac{\partial z}{\partial x}\frac{\partial\varphi}{\partial x}-f(\frac{\partial z}{\partial y})^{\frac{\partial\varphi}{\partial y}}\}dxdy+\int_{\mathrm{R}^{1}}z1(y)\varphi(\mathrm{o}, y)dy=0$ (3.11)
:
3.6 $(3.4)-(3.5)$ base space $\mathrm{R}^{3}=\{(x, y, z)\}$
35 $‘{}^{t}(3.1)-(3.2)$ ”
133
“ ” $(3.4)-(3.5)$ base spaceR3
$=\{(x, y, z)\}$
37 $z=z(x, y)$ (3.1) $-(3.2)$ (i) (ii)
:
(i) $z=z(x,y)$ $(\partial_{\mathcal{Z}}/\partial x)(x, y)$
$(\partial z/\partial y)(x, y)$
(ii) $z=z(x, y)_{\text{ }}$ $(\partial z/\partial X)(X, y)\text{ }$ $(\partial_{Z}/\partial y)(x, y)$ (3.1)
(3.11) $\varphi(x, y)\in C_{0}^{\infty}(\mathrm{R}^{2})$
:
$\int_{\mathrm{R}_{+}^{2}}$
$\{ \frac{\partial z}{\partial x}\frac{\partial\varphi}{\partial x}-f(\frac{\partial z}{\partial y})^{\frac{\partial\varphi}{\partial y}}\}dxdy+\int_{\mathrm{R}^{1}}Z_{1}(y)\varphi(\mathrm{o}, y)dy=0$ (3.12)




(3.1) $p=\partial z/\partial x,$ $q=\partial_{Z}/\partial y$ $U(x, y)=^{t}(p, q),$ $F(U)=t(f(q),p)$
$U_{0}(y)$ $=^{t}(z_{1}(y), Z_{0}’(y))$ :
$\frac{\partial}{\partial x}U-\frac{\partial}{\partial y}F(U)=0$ in $\{x>0, y\in \mathrm{R}^{1}\}$ , (4.1)
$U(0, y)=U_{0}(y)$ on $\{x=0, y\in \mathrm{R}^{1}\}$ . (4.2)
\S 3 , (4.1) :
$p+\Lambda(q)=\psi 1(\beta)$ , $p-\Lambda(q)=\psi 2(\alpha)$ (4.3)
\S 3 $(x, y)$ \S 3 (3.7)
P. D. Lax [13] P. D. Lax [14]
$(4.1)-(4.2)$
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4.1 2- $U=U(x,y)$ $(4.1)-(4.2)$ $(4.1)-$
(4.2)
$\int_{\mathrm{R}_{+}^{2}}\{U(x, y)\frac{\partial\varphi}{\partial x}(_{X},y)-F(U)\frac{\partial\varphi}{\partial y}(_{X}, y)\}d_{X}dy+\int \mathrm{R}^{1}Uo(y)\varphi(0, y)dy=0$ (4.4)
2- $\varphi(x, y)\in C_{0}^{\infty}(\mathrm{R}^{2})$





4.2 $(4.3)_{\text{ }}$ (3.7) $x=x(\alpha, \beta),$ $y=y(\alpha, \beta)$ $\mathrm{R}^{4}=\{(x,$ $y$ ,
$p,$ $q)\}$ 4.1 “$(4.1)-(4.2)$ ”
1 cotangent space
base space 4.1
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